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Quantum radiated energy flux emitted by an Unruh-DeWitt (UD) detector, with the internal har-
monic oscillator coupled to a massless scalar field, in linear oscillatory motion in (3+1) dimensional
Minkowski space is studied by numerical methods. Our results show that quantum interference can
indeed suppress the signal of the Unruh effect if the averaged proper acceleration is sufficiently low,
but not in the regime with high averaged acceleration and short oscillatory cycle. While the aver-
aged radiated energy flux over a cycle is always positive as guaranteed by the quantum inequalities,
an observer at a fixed angle may see short periods of negative radiated energy flux in each cycle of
motion, which indicates that the radiation is squeezed. This reveals another resemblance between
the detector theory and the moving-mirror model.
I. INTRODUCTION
The Unruh effect states that a uniformly, linearly accelerated detector in the Minkowski vacuum will experience
thermal fluctuations at a temperature proportional to the proper acceleration of the detector [1], called the Unruh
temperature. While the derivation is well established, direct observation of the Unruh effect in laboratories is still
lacking. One possible experimental evidence is the electron depolarization in storage rings, namely, the Sokorov-
Ternov effect [2], which can be directly connected to the “circular Unruh effect” [3]. Nevertheless, the centripetal
acceleration in the circular Unruh effect is quite different in nature from the original linear, uniform acceleration in
the Unruh effect [4]. To get closer to the original conditions in Unruh’s derivation, people have proposed to look at
the correction by the Unruh effect to the radiation emitted by linearly accelerated charges or atoms [5–7], which is
called the “Unruh radiation”.
Seeking the imprint of the Unruh temperature in quantum radiation is not as straightforward as it appears. To
define a finite temperature in a detector-field state, one needs a detector in equilibrium with the field. Unfortunately, a
uniformly, linearly accelerated detector (analogous to an atom) coupled to a massless scalar field in (1+1)D Minkowski
space emits no radiation in equilibrium conditions [4, 8]. In (3+1)D Minkowski space there will be radiations by an
Unruh-DeWitt (UD) detector [1, 9] in steady state at late times (with a constant radiating rate with respect to the
proper time of the detector), but the radiated energy is not converted from the energy flux experienced by the detector
in the Unruh effect [10]. The interference between the vacuum fluctuations driving the detector and the radiation
emitted by the driven detector is perfectly destructive in steady state.
In laboratories, however, it is impossible to produce any eternal constant linear acceleration for a charge or an atom.
For example, in Ref. [5] the authors proposed to use an intense laser field to drive the charge motion, meaning that
the acceleration is linear, oscillatory, but not uniform. A positive aspect of similar laser-driven experiments is that
the charges or atoms are never in equilibrium conditions, so the quantum radiation may not be totally suppressed
by interference. Moreover, while temperature is not well defined in this non-equilibrium setup, we can still define
a time-varying effective temperature whose value is close to the Unruh temperature with the averaged acceleration
of the oscillatory motion [11]. Indeed, as we will demonstrate later, in the regime of high acceleration and short
oscillating cycle of the motion, the signal of the effective Unruh temperature can be pronounced in the quantum
radiation. Further, when observed in a fixed angle, there will be negative radiated energy flux in short periods during
each cycle of oscillatory motion. This indicates that the Unruh radiation observed at the null infinity corresponds to
a squeezed state of the field [7, 12].
We show our numerical results in Section 4, before which some technical issues are addressed in Sections 2 and 3.
Our model is the UD detector theory considered in Refs. [10] and [11]: the internal harmonic oscillator is minimally
coupled to a massless scalar field at the position of the point-like detector, while the worldline of the detector is not
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2determined dynamically but given by a classical solution in electrodynamics with the radiation reaction neglected.
We take c = h¯ = 1 and signature (−,+,+,+).
II. RENORMALIZED EXPECTATION VALUES OF STRESS-ENERGY TENSOR
As we showed in Ref. [10], by virtue of the linearity of the UD detector theory, the field operator Φˆx after the
detector-field coupling is switched on will become a linear combination of the mode functions each associated with
a creation (bˆ†k) or annihilation operator (bˆk) of the free field, or a raising (aˆ
†
A) or lowering operator (aˆ
†
A) of the free
detector A. Also due to the linearity, a mode function of the field has the form φαx = φ
[0]α
x + φ
[1]α
x (α = A, k; φ
A
x and
φkx are associated with aˆA and bˆk, respectively), which is the superposition of the homogeneous solution φ
[0]α
x and
the inhomogeneous solution φ
[1]α
x sourced from the point-like detector. One can group the homogeneous solutions of
the mode functions with the associated operators into Φˆ
[0]
x and the inhomogeneous solutions into Φˆ
[1]
x such that the
field operator is in the form Φˆx = Φˆ
[0]
x + Φˆ
[1]
x . Suppose right before the initial moment t = 0 when the detector-field
coupling is switched on, the combined system is in the factorized state |ψ(0)〉 = |gA〉 ⊗ |0M 〉, which is a product of
the ground state of the free UD detector |gA〉 and the Minkowski vacuum of the field |0M 〉. Then the correlators of
the field amplitude at different spacetime points x and x′ are given by
G(x, x′) ≡ 〈ψ(0)|ΦˆxΦˆx′ |ψ(0)〉 =
∑
i,j=0,1
G(ij)(x, x′), (1)
where G(ij)(x, x′) ≡ 〈Φˆ[i]x Φˆ
[j]
x′ 〉 with respect to the initial state |ψ(0)〉. The expectation value of the stress-energy tensor
(minimal, ξ = 0) can be written as
〈Tµν [Φ(x)]〉 = lim
x′→x
[
∂
∂xµ
∂
∂x′µ
− 1
2
gµνg
ρσ ∂
∂xρ
∂
∂x′σ
]
G(x, x′) ≡ 〈T (ij)µν (x)〉 (2)
where 〈T (ij)µν 〉 is contributed by G(ij). G(00)(x, x′) is the Green’s function of the free field, diverges as x′ → x, so does
T
(00)
µν . Nevertheless, there is no physical effect from this part of the stress-energy tensor in Minkowski space, and so it
can be subtracted by introducing the normal ordering of the creation/annihilation or raising/lowering operators. We
thus define the renormalized stress-energy tensor as 〈Tµν(x)〉ren ≡ 〈: Tµν(x) :〉 = 〈Tµν(x)〉 − 〈T (00)µν (x)〉. Doing this is
nothing but setting the zero point of vacuum energy.
Suppose a UD detector is oscillating about the origin in space. Suppose a set of the radiation-detecting apparatus
are sitting at large constant radius r at different angles from the spatial origin of the laboratory frame, namely,
located at xµ in the Minkowski coordinates with (x1, x2, x3) = (r sin θ cosϕ, r sin θ sinϕ, r cos θ). Then the angular
distribution of the radiated energy flux measured in laboratory can be divided into two parts,
dP
dΩII
(t0, θ, ϕ) = − lim
r→∞ r
2〈Ttr(x)〉ren = dP
{01}
dΩII
+
dP(11)
dΩII
(3)
at the coordinate-time x0 = t0 + r of the apparatus, where t0 is the time when the radiation is emitted by the UD
detector in view of the Minkowski observer. Here
dP(01)
dΩII
≡ − lim
r→∞
r2
2
{
(∂t∂r′ + ∂r∂t′)
[
G(10)(x, x′) +G(01)(x, x′)
]}
(4)
is contributed by the interference between vacuum fluctuations and the backreaction of the detector driven by vacuum
fluctuations, and
dP(11)
dΩII
≡ − lim
r→∞,x′→x
r2
2
(∂t∂r′ + ∂r∂t′)G
(11)(x, x′) (5)
is contributed purely by the retarded solution emitted by the detector. From (A1) in Ref. [10], one has
∂t∂r′G
(11)(x, x′) =
λ20
(2pi)24RR′ θ(η−)θ(η
′
−)×[R,tR′,r′
RR′ 〈Q(η−)Q(η
′
−)〉+ η−,tη′−,r′〈P (η−)P (η′−)〉
−R,tR η
′
−,r′〈Q(η−)P (η′−)〉 − η−,t
R′,ν
R′ 〈P (η−)Q(η
′
−)〉
]
. (6)
3with the retarded distance aX/2 and the retarded proper time η− = τ−−τ0 for a uniformly accelerated detector there
being generalized to R and η− for a detector in oscillatory motion[18]. R is the retarded distance determined by the
local frame of the detector. For an observer at the null infinity, the more the 4-velocity of the detector is pointing
towards the observer, the smaller R/r is.
Below, we are considering the cases with the detector in oscillatory motion in the x3-direction, namely, zµ(τ) =
(z0(τ), 0, 0, z3(τ)). The radiation will be independent of the azimuth angle ϕ, and so we are looking at the time
evolution of the polar-angular distribution of the radiated energy flux
dP
dθ
=
∫ 2pi
0
dϕ
dP
dΩII
, (7)
observed by the apparatus. The total radiated energy flux is thus P = ∫ pi
0
sin θdθ dPdθ .
III. SUBTRACTION OF SINGULARITIES
One could extract the Unruh temperature from the correlators of the detector in (6) and thus (5), if measurable. So
we call the all-retarded-field part of the radiated energy flux dP(11)/dΩII as the naive Unruh radiation. It diverges when
one takes the coincidence limit on the two-point correlators of the detector (limτ ′−→τ−〈Qˆ(τ−), Qˆ(τ ′−)〉, 〈Qˆ(τ−), Pˆ (τ ′−)〉,
and 〈Pˆ (τ−), Pˆ (τ ′−)〉). This is originated from the singular behavior of the Wightman function of the field in the
double integral in calculating the two-point correlators. When the trajectory of the detector is not as simple as those
in uniform motion or uniform acceleration, setting cutoffs in the double integral for the correlators is not trivial.
In Refs. [11] and [13] we have dealt with these singularities carefully. We subtract the integral for the two-point
correlators of the detector in oscillatory motion by those for a uniformly accelerated detector. The subtracted integral
gives a finite result. Then we add the analytic results for the uniformly accelerated detector back, whose singular
behavior are well understood and under control once the UV cutoff is introduced.
For the interference part of the radiated energy flux, dP(01)/dΩII, the situation is similar. Substitute the general
solutions for the mode functions into the interference term of the field-field correlators, one obtains
G(01)v (x, x
′) +G(10)v (x, x
′)
= 2Re
2h¯γθ(η−(x))
4piΩR(x)
∫ τ−(x)
τ0
dτ˜K(τ−(x)− τ˜)D+(x′, z(τ˜ − i)) (8)
where K(x) ≡ e−γx sin Ωx and the Wightman function of our free massless scalar field is D+(x, x′) = h¯[(2pi)2(xµ −
x′µ)(x
µ−x′µ)]−1 with a proper choice of the integration contour understood. In calculating the interference terms for
−r2〈Ttr〉, the singularity arises in the terms containing
∂
∂xν
D+(x− z(τ − i)) = h¯
2pi2
zν(τ − i)− xν
[(xµ − zµ(τ − i))(xµ − zµ(τ − i))]2
, (9)
whose denominator vanishes when τ = τ−(x) and  → 0+ (actually we use this condition to determine the retarded
time τ−(x)). When  is positive and non-zero, expanding zµ(τ−− i) ≈ zµ(τ−)− iz˙µ(τ−) + (−i)2z¨µ(τ−)/2 + · · ·, one
has
∂νD
+(x− z(τ−(x)− i)) = h¯
2pi2
{
1
2
xν − z−ν
4
[
z˙−µ (xµ − zµ−)
]2 + · · ·
}
(10)
with zµ− ≡ zµ(τ−(x)). To subtract out the divergent −2 and −1 terms, one needs to introduce a reference worldline
z˜µ(τ) with z˜µ(τ−) = zµ(τ−), ˙˜z
µ
r (τ−) = z˙
µ(τ−), and ¨˜z
µ
r (τ−) = z¨
µ(τ−). For a general worldline, the simplest reference
worldlines for subtraction are those for uniformly accelerated detectors, and luckily, we have obtained the analytic
results of the interference term for the uniformly accelerated detector in close forms in Ref. [10]. Similar to what we
did for dP(11)/dΩII, after we get the finite result for the subtracted interference term dP(01)/dΩII|zµ−dP(01)/dΩII|z˜µ ,
we add the analytic result back in the final step to get the complete result with the divergences well controlled.
Actually, for the reference worldlines in uniform acceleration, the UV divergence in G(11) will be exactly canceled
by the ones in the interference terms G(10) + G(01), as shown in Ref. [10]. Thus, combining the numerical result of
the subtracted energy flux and the exact analytic result from the reference worldlines, the final result will be regular
and independent of the UV cutoff.
4FIG. 1: The radiated energy flux dP/dΩII against t0/tp at fixed θ (upper-left and upper-middle) and against θ at fixed t0
defined below (3) (lower-left), emitted by a detector with the coupling strength γ = 0.01 and the natural frequency of the
detector Ω = 2.3, along the worldline (11) with ω = 3.277, a0 = 2, and so the averaged proper acceleration a¯ = 10, the period
of each cycle tp ≡ 2pi/ω = 1.917 in the rest frame, and τp = 0.838 in the comoving frame [11]. The black and green solid
curves represent the energy flux with and without the interference terms, respectively, while the red-dotted curves represent
the energy flux with no interference or the Unruh effect, namely, the two-point correlators for the accelerated detector have
been replaced by the ones for an inertial detector. The lower-right plot is the energy flux averaged over a cycle against the
observing angle θ, which is positive for all θ. The radiated energy is concentrated around θ = 0 and pi, the directions of the
linear oscillatory motion.
FIG. 2: Time evolution of the radiated energy flux at θ = pi/4 with the averaged acceleration at low (a¯ = 2.5, left plot) and
high (a¯ = 20, right) values. We compare the full result dP/dΩII (black) with the naive results dP(11)/dΩII: the green, red
dotted, and blue dotted curves are contributed by the correlators of a detector in oscillatory motion, at rest, and in uniform
acceleration with proper acceleration a¯, respectively.
IV. NUMERICAL RESULTS
As an example, we consider a worldline given in Ref. [5],
zµCT (t) =
(
t, 0, 0,− 1
ω
sin−1
2a0 cosωt√
1 + 4a20
)
, (11)
which is the trajectory of a charge at a nodal point of magnetic field in a cavity. Our numerical results are shown in
Figures 1 and 2.
The effective temperature [11] in the example in Figure 1 is about Teff ≈ 1.6754 to 1.6767, which is higher than the
naive Unruh temperature a¯/(2pi) ≈ 1.5916 [11]. while in Figure 2 (right), the effective temperature is about 3.156,
5which is lower than a¯/(2pi) ≈ 3.183. The deviations from the naive Unruh temperature a¯/(2pi) due to non-uniform
accelerations are, however, negligible in our results of the radiated energy flux, especially during the times when the
flux is negative. They are more significant when the radiated energy flux reaches the peak values. One may substitute
an effective acceleration aeff = 2piTeff , instead of a¯, into the correlators for a uniformly accelerated detector to get a
better estimate for the naive radiation.
In the upper row of Figure 1, one can see that the time evolution of the full radiated energy flux at a fixed angle
has a negative period between two positive main peaks. At θ = 0, this occurs around the retarded time when the
direction of the detector’s acceleration is switching. At each fixed time, the radiated energy flux always become
negative around some observing angle, as shown in Figure 1 (lower-left). This negative energy flux reveals another
resemblance between the detector theory and the moving mirror models in quantum field theory in curved spacetime:
it is well known that in the moving-mirror models in (1+1)D a similar negative energy flux will arise if the acceleration
of the mirror is non-uniform [14][19]. The radiation with negative energy here does not imply absorption, since it can
still excite a UD detector, and produce no decrease of entropy [15]. The presence of the short negative energy flux
simply indicates that the Unruh radiation corresponds to a multi-mode squeezed state of the field [7]. The averaged
energy flux over a cycle of oscillation at each fixed angle, or over all solid angle at each fixed time, must be positive
(Figure 1 (lower-right)), as guaranteed by the quantum inequalities [16].
The radiation by the detector should cease as its averaged acceleration a¯ → 0. While a detector at rest still has
non-zero correlators 〈Qˆ2〉 and 〈Pˆ 2〉 contributed by vacuum fluctuations at zero temperature, such that the naive
Unruh radiation dP(11)/dΩII is positive as a¯→ 0, the negative interference term should be able to cancel it. Indeed,
we find the radiated energy flux is largely suppressed by the interference terms when ω or a¯ is small (Figure 2 (left)).
Here, for a fixed a0, a smaller ω on the one hand gives a smaller averaged proper acceleration a¯, on the other hand it
implies a longer period of oscillatory motion, so that the detector has more time to approach to the late-time state
studied in Ref. [10]. Both suppress the radiated energy.
In contrast, as ω or a¯ increases, the importance of the interference terms decreases, and the full result of the
radiated energy flux get closer to the naive result dP(11)/dΩII (Figure 2 (right)). This suggests that the Unruh-like
effect experienced by the detector could be observed in the Unruh radiation in highly non-equilibrium conditions,
with extremely short period of oscillatory motion and extremely high averaged proper acceleration.
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